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Abstract In this paper it is studied a space-time duality web that maps elec-
tric into magnetic (and magnetic into electric) charged classical stationary ro-
tating solutions for 2 + 1-dimensional Abelian Einstein Maxwell Chern-Simons
theories. A first duality map originally suggested by Kogan for static charged
solutions is extended to stationary rotating space-times and are suggested two
new space-time dualities maps. The three dualities complete a close duality
web. It is also shown that in 3 + 1-dimensions these dualities are only possible
for systems which exhibit non-projected cylindrical symmetry and are not re-
lated to the standard electromagnetic duality of Maxwell equations which acts
on the physical fields and charges. Generalization to N -form theories in higher
dimensional space-times is briefly discussed.
1 Introduction
In an attempt to justify the quantization of electric charge e Dirac concluded
that magnetic charge g should also exist in nature and it is consistently pre-
dicted from the quantum theory solutions [1]. Although magnetic monopoles
have never been detected experimentally this theoretical observation is still to-
day the best justification for the experimentally observed quantization of electric
charge. Following Dirac argument a generalization of the standard Maxwell elec-
tromagnetism explicitly including magnetic charges is straight forward achiev-
able by considering both electric 4-currents Je = (ρe, je) and magnetic 4-currents
Jg = (ρg, jg), where the ρ’s are the charge densities and the j’s are the cur-
rent densities. In particular was noticed that the covariant 3 + 1-dimensional
Maxwell equations, with both electric and magnetic currents, are invariant un-
der the following rotation of the electromagnetic fields E+ iB ↔ eiφ(E + iB)
and Je+iJg ↔ e
iφ(Je+iJg), where E is the electric field and B is the magnetic
field (in this paper are employing natural units ~ = c = 1). This field map is
generally known as the electromagnetic duality (see [2, 3] for a review in the
subject).
The electromagnetic duality was further explored in the context of 3 + 1-
dimensional charged gravitational solutions, namely in the works of Deser and
al. [4, 5] this field duality is applied to black hole solutions in several dimen-
sions, such that computed electric solutions are mapped into dual magnetic
solutions. Also in 2 + 1-dimensional (planar) systems exact field and gravita-
tional electric and magnetic charged solutions have been extensively studied in
the literature [6, 7, 8, 9, 10, 12, 11, 13, 14] (see also references therein). The
motivation for these works is not purely theoretical as 2+1-dimensional systems
1
effectively describe real physical phenomena in condensed matter systems [15]
and experimental searches for both elementary magnetic monopoles as well as
for extended magnetically charged solutions in 3 + 1- and 2 + 1-dimensional
systems are justified by the original Dirac argument [16].
For planar systems, a duality between electric and magnetic charged solu-
tions was suggested by Kogan [6, 7]. This duality acts directly in the 2 + 1-
dimensional space-time manifold (t → iϕ and ϕ → it) instead of acting in
the electromagnetic fields and was applied to Abelian Einstein Maxwell Chern-
Simons theories for static radial symmetric metrics. In this paper this map is
extended to stationary rotating spaces and a new distinct space-time duality
map is suggested (t → ϕ and ϕ → t) that also maps electric into magnetic
solutions (and magnetic into electric solutions). These two duality maps will
further be related through a third duality map consisting of a double Wick ro-
tation (t → it and ϕ → iϕ) such that a close duality web is obtained. The
third duality does not map electric into magnetic solutions, instead maps stan-
dard gauge fields into ghost fields by swapping the relative sign between the
gravitational and gauge sector of the theory. The lifting of these duality maps
to 3 + 1-dimensional space-time as well as their possible application to N -form
theories in higher dimensional space-times [17] is briefly discussed.
In section 2 the original duality map as suggested by Kogan is reviewed and
generalized to stationary rotating space-times. In section 3 a new duality map
is suggested and in section 4 both dualities are related through a third duality
map which is a double Wick rotation such that a close duality web is obtained.
In section 5 the dualities are generalized to non-projected four dimensional
solutions with cylindrical symmetry and their application to N -form theories in
higher dimensional space-times is briefly discussed.
2 Original Duality for 2 + 1-Dimensional Rotat-
ing Space-Times
The action for Abelian Einstein Maxwell Chern-Simons theory in a 2 + 1-
dimensional Minkowski space-time manifold M is
S =
∫
M
(
R˜ ∗ 1− F˜ ∧ ∗F˜ +mA˜ ∧ F˜
)
, (2.1)
where R˜ ∗ 1 is the Einstein term (Ricci scalar), F˜ = dA˜ is the Maxwell tensor
such that F˜ ∧∗F˜ is the Maxwell term, mA˜∧ F˜ is the topological Chern-Simons
term and m is the topological mass of the gauge field A˜ which is physically in-
terpreted as the gauge photon field in planar systems. We briefly recall that in
2 + 1-dimensional Maxwell theory the topological Chern-Simons term arises as
a quantum correction and has the effect of generating a mass m to the photon
field A˜ [18]. Hence for consistence of the theory the Chern-Simons should be
considered in the theory and does not depend explicitly on the geometry of the
manifold, instead is coupled by the equations of motion for the gauge field A˜
to the Maxwell term, which in turn couples to the gravitational sector. Gen-
erally these theories are also known as topologically massive gauge theories. It
is also relevant to further note that to avoid the gauge field being interpreted
as a tachyon (having classical imaginary mass) the Maxwell and Chern-Simons
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term must have opposite sign (for m > 0) [11]. As for the relative sign between
the Einstein term and the Maxwell term imposes whether the gauge field A˜
is interpreted as a standard gauge field (opposite sign) or a ghost field (same
sign). Specifically for standard gauge fields the quantum states have positive en-
ergy eigenvalues while for ghost fields have negative energy eigenstates (see [19]
and references therein for a discussion of relative sign choices and derivation of
Hamiltonian quantization in 2 + 1- and 3 + 1-dimensional embeddings).
The original duality map consist in mapping electric into magnetic solutions
(as well as magnetic into electric solutions) by exchanging the role of the time
coordinate t and the angular coordinate ϕ [6]
t → iϕ ,
ϕ → it .
(2.2)
With the objective of generalizing this duality map to stationary rotating
space-times let us consider a 2 + 1-dimensional metric on the ADM form [20]
ds2 = −f˜2dt2 + dr2 + h˜2(dϕ+ N˜dt)2 , (2.3)
and the standard electric and magnetic field definitions
E˜ = F˜tr ,
B˜ = F˜rϕ ,
(2.4)
where we recall that in planar systems the magnetic field B˜ is a scalar while
the electric field E˜ is a 2-vector. Let us further introduce a Cartan triad for
the metric (2.3) e0 = f dt and e2 = h(dϕ + Adt) (see [21]). Then the duality
map (2.2) is simply interpreted as the duality map for the triad elements e0 ↔ e2
(see [13]). With respect to the several gravitational fields this accounts for the
following field maps
f˜ → ih ,
h˜ → if ,
E˜ → −iB ,
B˜ → −iE ,
(2.5)
such that the following dual metric parameterization is
ds2dual = −f
2(dt+Ndϕ)2 + dr2 + h2dϕ2 . (2.6)
As for the gauge sector the Maxwell and Chern-Simons terms transform as
−F˜ ∧ ∗F˜ +mA˜ ∧ F˜ → +F ∧ ∗F −mA ∧ F . Hence the gauge sector swaps the
relative sign with respect to the gravitational sector such that standard gauge
fields are mapped into ghost gauge fields.
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The tensor components of the two metrics corresponding to ds2 and ds2dual
are 

g˜00 = −f˜
2 + h˜2N˜2
g˜11 = 1
g˜22 = h˜
2
g˜02 = h˜
2N˜
,


g00 = −f
2
g11 = 1
g22 = h
2
− f2N2
g02 = −f
2N
, (2.7)
such that these two parameterizations are straight forward related by the fol-
lowing equalities
f˜2 =
f2 h2
h2 − f2N2
,
h˜2 = h2 − f2N2 ,
N˜ = −
N f2
h2 − f2N2
.
(2.8)
As for the ADM metric signature behavior for each specific solution, under
the duality maps, are obtained the following cases
h2 − f2N2 > 0 ⇒ duality maintains signature,
h2 − f2N2 < 0 ⇒ duality changes signature.
(2.9)
This is directly concluded by inspection of the equalities (2.8) such that the
duality map (2.2) only maintains the metric signature for regions of space-time
where the solutions obey the constraint h2−f2N2 > 0. This feature only arises
for rotating space-times, in the limit N → 0 the constraint becomes h2 > 0
(which is verified as long as h is real) such that the metric always maintains the
signature under this duality.
It is relevant to stress once more that the duality (2.2) is a map of the
space-time coordinates, although the electromagnetic fields transform accord-
ingly (2.5) this is not a duality map of the electromagnetic fields. Also, by
swapping the relative sign between the gravitational and gauge terms, it has
the effect of mapping standard gauge fields into ghost fields.
Next we will show that this duality map is not the only possible duality.
3 Another Possible Duality for Rotating Space-
Times
Generally, for a given particular solution already computed, it may be desired
to obtain the opposite sign transformation properties for the metric signature to
the one expressed by inequalities (2.9). Hence it is straight forward to conclude
that a possible duality map is to consider a direct swapping of the time and
angular coordinates without the imaginary phase
t → ϕ ,
ϕ → t .
(3.1)
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With respect to the several fields this accounts for the following field map
f˜ → hˆ ,
h˜ → fˆ ,
E˜ → −Bˆ ,
B˜ → −Eˆ ,
(3.2)
where hated fields are employed to distinguish between the two dualities given
in (2.2) and (3.1). The dual metric parameterization is straight forwardly writ-
ten as
dsˆ2dual = fˆ
2(dt+ Nˆdϕ)2 + dr2 − hˆ2dϕ2 , (3.3)
and the gauge sector maintains its relative sign with respect to the gravitational
sector as the Maxwell and Chern-Simons terms transform as−F˜∧∗F˜+mA˜∧F˜ →
−Fˆ ∧ ∗Fˆ +mAˆ ∧ Fˆ such that standard gauge fields are mapped into standard
gauge fields.
The tensor components of the dual metric (3.3) are


gˆ00 = fˆ
2
gˆ11 = 1
gˆ22 = −hˆ
2 + fˆ2Nˆ2
gˆ02 = fˆ
2Nˆ .
(3.4)
We can relate these two parameterization by the following equality
f˜2 =
fˆ2 hˆ2
−hˆ2 + fˆ2 Nˆ2
h˜2 = −hˆ2 + fˆ2 Nˆ2
N˜ = −
Nˆ fˆ2
−hˆ2 + fˆ2 Nˆ2
(3.5)
As for the behavior of the metric signature under the above map, by inspec-
tion of the equalities (3.5), we obtain the following cases:
−hˆ2 + fˆ2 Nˆ2 > 0 ⇒ duality maintains signature,
−hˆ2 + fˆ2 Nˆ2 < 0 ⇒ suality changes signature,
(3.6)
hence with the opposite sign of inequalities (2.9).
Hence, for a given solution, both the metric signature and the relative sign
between the gravitational and gauge sector are mapped distinctly under the
duality maps (2.2) and (2.2).
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4 Double Wick Rotation as a Duality
Let us note that both dualities as given by (2.2) and (3.1) are straight forwardly
related by a double Wick rotation map
t → it
ϕ → iϕ
(4.1)
for which the fields map accordingly has
f → ifˆ
h → ihˆ
E → iEˆ
B → iBˆ
(4.2)
such that the factor −h2 + f2N2 → hˆ2 − fˆ2 Nˆ2 swaps sign and the the gauge
sector changes its relative sign with respect to the gravitational sector +F ∧
∗F −mA∧F → −Fˆ ∧∗Fˆ +mAˆ∧ Fˆ . Hence gauge fields are mapped into ghost
gauge fields.
In this way from a given electric or magnetic solution for the metric pa-
rameterization (2.3) one can find a magnetic or electric solution (respectively)
employing the above duality maps (2.2) and (3.1). The choice of the duality to
be employed depends on the specific form of the solutions such that the dual
metric signature is set accordingly either by condition (2.9) or (3.6) and whether
the gauge fields are intended to be ghost fields or standard fields. Also by em-
ploying (4.1) one can, from a given charged solution, obtain another charged
solution of the same kind with the opposite ADM metric signature and distinct
gauge field interpretation (for standard fields are obtained ghost fields and for
ghost fields are obtained standard fields). This web of dualities is pictured in
figure 4.
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t → iϕ
ϕ → it
t → ϕ
ϕ → t
t → it
ϕ → iϕ
Figure 1: Web of Dualities. The dualities can be considered in both directions.
In the picture are expressed only the dualities for the directions of the arrows.
For last let us note that, as expected from covariance, for all the three
dualities the Einstein term in the action (2.1) does not change sign as it is
explicitly written in powers of 4 with respect to the metric fields f ’s and h’s
(i4 = +1). However this fact does not imply that it is constant across space-
time, generally and as expected it changes across space-time for each particular
solution depending on the matter distribution.
5 Dualities in 3 + 1D and Higher Dimensional
Space-Times
In 2+1-dimensions the magnetic field is a scalar (corresponding to B˜(3D) = F˜rϕ)
and planar system can be interpreted either as a projected 3 + 1-dimensional
system or as embedded systems [19]. So far the dualities (2.2), (3.1) and (4.1)
apply to both these frameworks and implicitly the angular component of the
electric field is necessarily null, E˜ϕ(3D) = F˜
0ϕ = 0. This result is imposed by the
Einstein equations (gravitational equation of motion) as the radial shift function
in the metric [13] does not constitute a physical gravitational degree of freedom
in 2 + 1-dimensional gravity [21].
More generally in a full 3 + 1-dimensional one can assume non-projected
cylindrical symmetry around the θ direction such that the projected magnetic
field corresponds indeed to the θ component of the non-projected magnetic field,
B˜(3D) = B˜
θ
(4D) and E˜
ϕ
(4D) = 0. Concerning the projection of four dimensional
gravity to three dimensional space-times we refer the reader to [8, 9].
Then for 3 + 1-dimensional solutions with cylindrical symmetry we obtain
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two possible components for the electric and magnetic field

E˜r(4D) = F˜
0r
E˜θ(4D) = F˜
0θ
,


B˜r(4D) = F˜ϕθ
B˜θ(4D) = F˜rϕ
, (5.1)
such that the dualities discussed so far map the radial and polar electric fields
into the polar and radial magnetic fields, respectively. The first field map (2.5)
is equivalent to the field map
E˜r(4D) → −iB
θ
(4D) ,
E˜θ(4D) → −iB
r
(4D) ,
B˜r(4D) → −iE
θ
(4D) ,
B˜θ(4D) → −iE
r
(4D) ,
(5.2)
and the second field map (3.2) is equivalent to the field map
E˜r(4D) → −Bˆ
θ
(4D) ,
E˜θ(4D) → −Bˆ
r
(4D) ,
B˜r(4D) → −Eˆ
θ
(4D) ,
B˜θ(4D) → −Eˆ
r
(4D) .
(5.3)
In this way the dualities are lifted from a 2 + 1-dimensional system to a 3 + 1-
dimensional system with cylindrical symmetry. As expected it is not possi-
ble to generalize the dualities for generic stationary solutions to generic 3 + 1-
dimensional system that do not possess cylindrical symmetry. In order to con-
clude it, it is enough to consider the remaining field components E˜ϕ(4D) = F˜
0ϕ
and B˜ϕ(4D) = −F˜rθ which are maintained (up to sign changes) by the field
maps (2.5) and (3.2).
It is interesting to note that a generalization is possible for N -form theories
in higher dimensional space-times [5]. For instance in 5 + 1-dimensions, by
considering the 2-form fields EIJ = F 0IJ and BIJ = ǫIJKLMFKLM/6, under
the duality (t→ ix5, x5 → it) we obtain the map E12 ↔ −iB34, E13 ↔ −iB24,
E14 ↔ −iB23, E23 ↔ −iB14, E24 ↔ −iB13 and E34 ↔ −iB12.
We recall once more that there is no relation of these dualities with the usual
electromagnetic duality of the gauge fields [2, 3, 4, 5]. The original electromag-
netic duality rotates the same components of the electric and magnetic into each
other not mapping the space-time components of the fields as opposed to the
dualities just discussed.
6 Conclusions
In this paper was developed a space-time duality web that allows to map electric
into magnetic classical solutions into each other. These dualities may generally
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change the ADM metric signature as given in (2.3). Then, given that the coeffi-
cient of dr2 is positive (see [13] for a discussion on different choices of signatures),
the original Minkowski signature is considered to be the one that holds the coef-
ficient of dt2 negative and the coefficient of dϕ2 positive, this means that we are
aiming at solutions with f˜2 > 0 and h˜2 > 0. Also from the explicit form of the
three possible field maps (2.5), (3.2) and (4.2) one may map real solutions into
imaginary solutions. Nevertheless by imposing reality conditions and properly
constraining the parameters and variables of the original solutions it is generally
possible to achieve real solutions.
Also the mapping of the relative sign between the gravitational sector and
the gauge sector was analised such that duality (2.2) and (4.1) maps standard
gauge fields and ghost gauge fields into each other while duality (3.1) does not.
We resume the results obtained in the next table.
duality maintains signature standard↔ ghost
t→ iϕ
ϕ→ it
h2 − f2N2 > 0 yes
t→ ϕ
ϕ→ t
h2 − f2N2 < 0 no
t→ it
ϕ→ iϕ
no yes
It is also explicitly concluded that the dualities studied are not related to
the electromagnetic duality of the electromagnetic fields and, although valid for
four dimensional solutions with cylindrical symmetry, cannot be generalized to
generic solutions on 3+ 1-dimensional systems. However we give an example in
six dimensional space-time that show that the dualities can be generalized to
N -form theories in higher dimensional space-times.
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